ABSTRACT. Lamb waves are frequently used in nondestructive evaluation and are proposed for structural health monitoring applications. While many numerical methods to obtain dispersion curves for Lamb waves have been developed and implemented, in general they are time consuming and do not lend themselves to analyses involving the perturbation of parameters such as the small thickness and wave speed changes caused by temperature variations. Presented here are two methods of approximating the solutions of the Rayleigh-Lamb equations under a small perturbation assumption. The first method is a gradient-based linear approximation to the Raleigh-Lamb equations, and the second is a linear approximation method based on a number of pre-computed solutions to the Rayleigh-Lamb equations. Also presented is a simple algorithm to efficiently compute Lamb wave dispersion curves, which is used to study the approximation methods.
INTRODUCTION
Lamb waves are being considered for structural health monitoring applications because they can travel relatively long distances and still remain sensitive to damage. However, they are not only dispersive but the dispersion characteristics change with environmental conditions such as temperature [1, 2] , applied loads [3] and liquid surface loading [4] . Several algorithms proposed for analysis of Lamb waves directly utilize dispersion curves [5] [6] [7] , and thus it is important to know these curves accurately to ensure algorithms perform as anticipated.
The propagation velocity as a function of frequency for isotropic plates is determined by the Rayleigh-Lamb equations [8] , the solutions to which yield a set of dispersion curves for a given plate thickness and bulk wave speeds. The Rayleigh-Lamb equations are summarized on the left side of Figure 1 . Finding numerical solutions to these equations, such as are shown on the right side of Figure 1 , can be computationally intensive. Furthermore, such numerical methods do not lend themselves to analyses involving the perturbation of parameters such as the thickness and wave speed changes caused by temperature variations. This paper considers efficient numerical methods to compute the small changes in dispersion curves that occur as a result of temperature changes. The motivation for this work is the knowledge that even the small changes in phase and group velocity caused by temperature changes can have a large impact on guided wave signals in the time domain, often obscuring changes caused by damage for temperature changes as small as 1 to 2 °C [1, 7] . FIGURE 1. Rayleigh-Lamb equations and typical dispersion curves. In the equations, h is the half plate thickness, Ȧ is the angular frequency, k is the wavenumber, and c l and c t are the longitudinal and shear wave speeds, respectively.
EFFECT OF TEMPERATURE ON LAMB WAVE PROPAGATION
Temperature changes in a medium carrying ultrasonic waves are unavoidable outside of a controlled laboratory environment and are well known to cause time shifts in received signals due to both thermal expansion and change in longitudinal and shear wave speeds. The velocities of these two wave modes at a given temperature can be calculated by using coefficients of velocity change with temperature [7] ,
where c l and c t are the longitudinal and shear wave velocities, respectively, T 0 is a reference temperature, and ț l and ț t are the coefficients of longitudinal and shear velocity change with respect to temperature T. The thickness of the plate also changes with temperature,
where h is the half-plate thickness and D is the coefficient of thermal expansion. -5 / o C [7] . Using changes in the wave speeds and plate thickness from Eqs. (1), (2) and (3), we can compute dispersion curves for shifts in temperature from knowledge of the wave speeds and thickness at a given nominal temperature. Figure 2 compares dispersion curves in aluminum at temperatures of 250 K and 300 K, where it can be seen that the differences in the curves in the kȦ domain appear to be quite small. But these small differences are what lead to significant differences in time domain signals, particularly for complex structures where there are overlapping echoes from geometrical reflectors.
Rayleigh-Lamb equations describing dispersion in isotropic elastic plates

Symmetric modes
Antisymmetric modes where (Note that p and q may be complex) 
NUMERICAL SOLUTION TO THE RAYLEIGH-LAMB EQUATIONS Theory
There is a long history of obtaining numerical solutions to the Rayleigh-Lamb equations [8] . Summarized here is a simple algorithm similar to that described in [9] that calculates the dispersion curves for a given set of parameters. It also enables a closer examination of the nature of the Rayleigh-Lamb equations so that an efficient linear approximation for temperature changes can be developed.
Finding solutions requires us to examine the value of the Rayleigh-Lamb equations in the kZ plane using the following real form for symmetric modes,
We can now use any root finding algorithm such as Newton's method or a binary search to find points where f = 0 along small line intervals in the plane. To find points that belong to a specific mode, however, we start by finding its nascent frequency (at k = 0), which is given by one of the following equations:
Next, we find a second point on the dispersion curves by sweeping across Ȧ, looking for solutions near the nascent frequencies.
Once we have the first two points, we project linearly on the kȦ plane and mark a region to search for a solution corresponding to the next k value. The process is repeated to find values for a given range of k. Figures 3(a) and 3(b) illustrate the process by showing the evolving dispersion curves plotted on top of an image of logŇfŇ. This search procedure is similar to that described in [9] . 
Observations
1. The function f is discontinuous because it is composed of tangent functions. The discontinuities will interfere with most standard root-finding algorithms. We can resolve this by ignoring roots in any small interval that contains a tangent angle of nʌ.
2. Discontinuities in f coupled with low sampling rates give the effect of "disappearing" roots. We have to carefully select the sampling interval for f during the root finding process as illustrated in Figure 4 .
GRADIENT APPROACH TO PERTURBING DISPERSION CURVES
Re-computing the dispersion curves for many small temperature changes can be time consuming. We look for an efficient linear approximation using gradients to the Rayleigh-Lamb equations. The Rayleigh-Lamb equations are a nonlinear real function of five variables, as is shown here for the symmetric modes, (6) (1), (2) and (3). The points {Ȧ, k} that take f to zero represent the solution to the dispersion curves at the new temperature T. Calculating the gradient of f with respect to Ȧ and k allows us to linearly predict the new values for Ȧ and k where the function's value is expected to be 0.
and
Here Ȧ ǻ and k ǻ are the changes in Ȧ 0 and k 0 due to the temperature perturbation, and are used to perturb a point on the dispersion curve. Figure 5 shows an example of perturbing the dispersion curve computed at 300 K to obtain a curve corresponding to 250 K.
Observations
1. Linear approximation using this method fails at locations where the gradient changes too rapidly.
individually. These four dispersion curves (original and three perturbed curves) can then be 2. This approach provides an extremely efficient and accurate approximation to the exact dispersion curve, even with large temperature changes on the order of 100 K.
ESTIMATION OF DISPERSED SIGNALS
Nominal and estimated dispersion curves were used to simulate propagation of the S 0 mode at 240 kHz over a distance of 100 mm with results shown in Figure 8 . The top plot is the excitation signal, the second plot is the propagated signal at 250 K using the nominal (exact) dispersion curve, the third plot uses the estimated dispersion curve from the gradient approximation method, and the bottom plot is based upon the linear approximation. The two approximation methods start with a nominal curve computed at 300 K.
The signal using the gradient method clearly is inaccurate, as would be expected from the artifacts in the dispersion curve. In contrast, the signal computed using the linear approximation is virtually indistinguishable from that computed from the exact curve. FIGURE 8. Effects of dispersion on a 240 kHz pulse propagating a distance of 100 mm in a 9.4 mm thick plate as simulated using the two approximation methods.
